Co(Q). We denote by A a self-adjoint realization of A in L2(Q). Assume that the self-adjoint realization is positive and let {Et} be its spectral resolu tion:
It is well known that Dt is an integral operator:
with a kernel called the spectral function of A. Spectral functions were studied by many writers. In particular Hormander [5] proved that in the general situation described above, for some k such that 2mk>n. Moreover the result of this paper plays an important role in [13] . In [13] the author improved the results of Maruo & Tanabe [9] and Maruo [10] on the eigenvalue distribution of operators as sociated with strongly elliptic sesquilinear forms.
The author wishes to thank Professor H. REMARK 2.2. We note that the constant C of the main theorem depends only on n, m, 0, C0, C1, C2, C3, C4 and Ca where C4, C~ are constants such that e(x, y, t)<_C4tn~2m for x, y e S2, t>1 and Daa(x)<_Cp for x e Q. REMARK 2.3. We note that in this paper we use one and the same sym bol C in order to denote positive constants which may differ from each other. When we specify the dependence of such a constant on a parameter, say m, we denote it by Cm. §3 We take a function i in C(Q) such that (3.14) ifif which will be fixed in what follows . Then we set for x0 e Q, u e C(Q) (3.15)
Fractional powers
It is well known that for 0<s<1 the fractional powers of the positive self-adjoint operator A are defined by
where {E} is the spectral resolution of A and P is an oriented curve lying in the resolvent set of A consisting of two segments:
with 0<B<B'<2r12.
We orient P such that it runs from ooeia'+C0/2 to ooe-ie'+C0/2. Now, we define the pseudo-differential operators by That is,
We note that (a/aej)cok(x, y,)I<_CIxyI<_2Cd°. Hence, we may assume that the matrix L+s((a/a~)cok) has an inverse.
That is, there exist bjk(x, y,) e C~(B(x0)XB(x0)X(Rn-{0})) which satisfy (5.4). Then, immediately we obtain (5.3).
q. e. d. We note that for u e Co(B(x0)) (5.5) where x e C(R) such that for I<1/2, X0 for II>2/3 which will be fixed in what follows. Now, we write we can integrate by parts after the replacement (acos/ae;)eiws=-i(a/ae~)eand if we replace one factor xj-yj by the expression (5.4) we can reduce the order by one unit without affecting the other factors x, Repeating this augument 2k times, we see that there exist Ik, Jk, Lk's E C°°(B(x0)XB(x0)X(Rn-{0})) such that where Ik is the sum of terms which do not contain the derivatives of i(a(x0)e) , x(~), Jk is the sum of terms which contain at least one derivative of 1r(a(x0)) but not the derivatives of x(e) and Lks is the sum of terms which contain at least one derivative of x(e). From (iv) of (5.1) and (5.3), we obtain (5.7) (5.8)
for any x, y e B(x0) and e Rn-{0} where Ca are constants independent of o(x0) and s. Moreover, noting that !r(a(x0)e)=1 if>25(x0)-1, we see that for u e C(Q) where x is the same function as in (5. 14). It is well known that for p(x,) e Se(Q) the pseudo-differential operator is defined by
We can form the composition of the two operators, if we insert a factor f e C0(Q) between them. Then we obtain the following formula for any positive integer N where L is some positive integer. We set for any integer N'>1 (6.4) and (6.5)
Then we get the following equality and estimates:
Particularly in the case of N'=3, m'=1 we get PROOF. We follow the method of Kumano-go [7] . From Lemma 5.2 (6.6) follows immediately. We note that
Now we set and Then we have we note that there exists a constant co such that for any x, z e B(x0) , e Rn, 1®xcp(x, z, r~)>_cor.
Hence we have
For sufficiently small d0 these inequalities show that (6.8) for x, y, z e B(x0)= {x:x-x0<d0o(x0)}, ,e Rn such that V xcp(x, z, ~} coI~/4, we take a function e C(R) such that ~(e)-1 for <1/2 , C()-0 for>1. Now we set ~~=1-~(2(e® xcp(x, z, a~))/ca~) and b0=1~~. Then we have Set My=-i1012=1D9/3y1.
Noting that Myei<C>=ez~-y'5> , we have for any integer k>_0 by integration by parts where M denotes the transposed operator of M y. We note that >_ C(el-}r~) on supp.
and that fn supp q-v(t , , z, r~)<_Co(x0)n. Hence from Lemma 5.2 we have where we note that for sufficiently large k JUN-ICHI TSUJIMOTO ifif Hence, noting (6.6), we get if k is sufficiently large (6.9)
We set 8.=1~(~1/2x-y) and 00=1O. Then we have
Noting that -Ix-yI-2®ge2<-y,~>=ei<0ii~)(®~=j-1(a/5)2)~, we have, for any integer k>_0, by integration by parts we note that x-yI-1<_2I1/2 and co j/2<IeI<CI)I on supp Hence we have Noting (6.6), we get for sufficiently large k we note that Taylor where Lty denotes the transposed operator of L y. Hence we get (6.11). q. e. d.
IV. We denote by k0 the smallest integer which is not smaller than n/2m. Now we set Then we have for u e D(Ak0) (6.12) E(t)u=E1(t)u+R2(t)Ak0u.
On the other hand, it is well known that e(x , y, p)<Cpn~2m for x, y e Q,p>0.
Hence we have (6.13)
From (6.13) we see that E1(t), E2(t) are integral operators with kernels E1(t, x, y), E2(t, x, y) such that (6.14) LEMMA 6.5. There exist kernels K;ts'(x, z)(j=3, 4) such that for x e Q, z e B(x0) and we have for u e Co(B(x0)) For the proof of Lemma 6.5 we shall use the following: LEMMA 6.6. Let g (., z, A), ¢(., z, ~) E Co(B(x0)) for z e B(x0), e R,n-{O}, A e P satisfy Noting that e(x0, x0, t2m) is a real non-negative non-decreasing function of p, and taking into account the positivity of p, from (7.2) we get (7.3)
where we write e(x0, x0, u)=e(x0, x0, ]m). From (7.1) we have for>0 
